In this short note, we show a p-adic analogue of Beilinson's equivalence comparing two derived categories: the derived category of holonomic modules and derived category of modules whose cohomologies are holonomic.
Introduction
Let X be a smooth variety over C. In [Be1] , Beilinson establishes an equivalence of categories
The aim of this short note is to prove a p-adic analogue of this equivalence.
Even though the proof of the equivalence is written in a way that it can be adopted for many cohomology theories, there are two points which we need to be clarified in the arithmetic D-module theory:
1. What is a suitable definition of "holonomic modules" in the p-adic context? 2. How can we construct the theory of unipotent nearby cycles?
First, we notice that in order to work with triangulated categories, since categories of complexes with Frobenius structures are not triangulated, the naive answer for the first question might be to consider overholonomic complexes (without Frobenius structure) introduced by the second author. However, we do not know if this category is closed under taking tensor product when modules do not admit Frobenius structure. Thus, the category does not seem appropriate for the equivalence because Beilinson's original proof uses the stability under Grothendieck six operations. Moreover, the full subcategory of overholonomic modules whose objects are endowed with some Frobenius structure is not thick. To solve these problems, in this paper, we construct some kind of smallest triangulated subcategory of the category of overholonomic complexes which contains modules with Frobenius structure. Its construction allows us to come down by "devissage" to the case of modules with Frobenius structure. To answer the second question, we follow the idea of [Be2] . We need to show a certain finiteness, for which we use Kedlaya's semistable reduction theorem applied to overconvergent isocrystals with Frobenius structure. An answer for the first question is the contents of the first section, and the second section is devoted for the second question.
Proof. To check this, we need to show that kernel and cokernel are overholonomic. Let E → F be a homomorphism of overholonomic modules. Then these are holonomic by [Ca2, 4.3] . Thus the kernel and cokernel are holonomic by [ibid., 2.14]. Since the functor D is exact on the category of holonomic modules, we get the overholonomicity of kernel and cokernel. The thickness can be seen easily.
1.2.
A variety (i.e. a reduced scheme of finite type over k) X is said to be realizable if there exists a smooth proper formal scheme P over R such that X can be embedded into P. Since the cohomology theory does not change if we take the associated reduced scheme, in the following, we assume that schemes are always reduced. For any realizable variety X, choose X ֒→ P an immersion with P a smooth proper formal scheme over R. Then by [Ca1, 4.16] , the category of overholonomic D † P,Q -complexes E which is supported on X and RΓ † X\X (E) = 0 does not depend on the choice of P. This category is denoted by D b ovhol (X/K). Let X be a realizable variety. From [AC] , we define a t-structure on D b ovhol (X/K), and its heart is denoted by Ovhol(X/K).
1.3 Lemma. -Let X be a realizable variety. Then for any overholonomic module E ∈ Ovhol(X/K), any ascending or descending chain of overholonomic submodules of E is stationary.
Proof. We need to show that any overholonomic module has finitely many constituents. We prove the claim using the induction on the dimension of the support. Let E ∈ Ovhol(X). From [Ca2, 3.7] , there exists an open dense subscheme U of X such that X \ U is a divisor and G := E| U ∈ Isoc † † (U ). By induction hypothesis, it suffices to show that j + (G) has finitely many constituents. Take an irreducible submodule G ′ ⊂ G in Ovhol(U ). From [AC, 1.4 .7], since G ′ is irreducible then so is j !+ (G ′ ). Thus by induction hypothesis, j + (G ′ ) has finitely many constituents. Thus, it suffices to show that j + (G/G ′ ) has finitely many constituents. We conclude by using the induction on the generic rank (on the analytic rigid spaces).
Remark. -For a smooth formal scheme P (which may not be proper), we may also show that any overholonomic module on P satisfies the ascending and descending chain conditions. The proof is similar.
1.4 Corollary. -Let E ∈ Ovhol(X), and assume that E can be endowed with a s ′ -th Frobenius structure for an integer s ′ which is a multiple of s. Then any constituents of E can be endowed with a s ′′ -th Frobenius structure for some s ′′ a multiple of s ′ .
Proof. The verification is similar to [CM, 6 .0-15].
1.5. Let X be a realizable variety. Let Hol F (X) ′ be the subset of Ob(Ovhol(X)) which can be endowed with s ′ -th Frobenius structure for some integer s ′ which is a multiple of s, and let Hol F (X) be the thick abelian subcategory generated by Hol F (X) ′ in Ovhol(X). We denote by D b hol,F (X) the triangulated full subcategory of D b ovhol (X) such that the cohomologies are in Hol F (X). By Lemma 1.1 and Corollary 1.4, we have:
Corollary. -Any object of Hol F (X) can be written as extensions of modules in Hol F (X) ′ .
This corollary has the following consequences:
1.6 Theorem. -Let f : X → Y be a morphism between realizable varieties.
Moreover, these functors satisfy the properties listed in [AC, 1.3.14].
We recall that when we take an embedding X ֒→ P into a proper smooth formal scheme P, then ⊗ can be written as (−)
is the usual weakly completed tensor product. In the following, we introduce the functor ⊗ :
Remark. -Even if we replace D b hol,F by D b ovhol , the theorem holds except for 4, which have been checked by the second author.
1.7. Using this category, we can state our main theorem as follows:
Theorem. -Let X be a realizable variety. Then the canonical functor
is an equivalence of categories.
Proof. With the aid of the next section, the proof of [Be1] can be adapted without any difficulties, so we only sketch the outline. We put M (X) := Hol F (X/K) and D(X) := D b hol,F (X/K). For a generic point η ∈ X, we put D(η) := 2-lim − →η∈U D(U ), and M (η) := 2-lim − →η∈U M (U ). First we need to prove that the canonical functor D b (M (η)) → D(η) is an equivalence. For the proof, we need six functors formalism as we constructed in Theorem 1.6, and we can copy [Be1, 2.1]. We refer to [AC, A.5] for the relation between Hom and Hom D(X) . Now let f : X → A 1 be a morphism, and put Y := f −1 (0) be a closed subscheme. The second thing we need to show is that for any integer i the canonical functor
where Ext i denotes the Yoneda's Ext functor, is a bijection. For this we can copy [Be1, 2.2.1] except for the existence of the functors Φ f and Ξ f . These functors are defined and basic properties are shown in the next section (cf. Proposition 2.7).
Finally, we combine these two results to get the theorem. For the details, see [Be1, 2.2].
Remark. -This theorem is a generalization of [AC, A.4] 2. Unipotent nearby cycle functor 2.1. Let Π := {(a, b) ∈ Z 2 ; a ≤ b} be the partially ordered set such that (a,
For an abelian category A, we denoted by A Π the category of Π-shaped diagrams in A, i.e. the category whose objects are Proof. This is identical to [Ca3, 1.2.4].
Let U ֒→ Y ֒→ X be open immersions of realizable varieties. The exact functor | (U,Y )
induces the exact functor 
Set
, ∞}) Q , and let t be the coordinate of P 1 V . Following Beilinson's notation, for integers a ≤ b, we put
Here, the D-module structure is defined so that for x ∈ O G 1 k and l ∈ Z, we have
We have an isomorphism
We compute that the multiplication by s n induces the isomorphism of F -Isoc
Moreover, there is a non-degenerate pairing
We can check easily that this pairing is compatible with Frobenius structure. By using [A, Prop 3 .12], the pairing induces an isomorphism
As a variant, we put I
is a convergent isocrystal on the formal log-scheme ( A 1 V , {0}).
2.5.
In the rest of the paper, we will keep the following notation. Let X be a realizable variety,
k be the morphism induced by f and put
is an isomorphism.
Proof. We put d := dim(Y ). Using the five lemma, we may assume that E ∈ F -Ovhol(Y /K). The proof is divided into several steps. 0) By 2.3, it is sufficient to check that the canonical homomorphism is an isomorphism over (Y, X). By abuse of notation in this proof, we still denote by E := E|(Y, X) and write j : (Y, X) → (X, X) instead of (j, id).
1)
We prove the lemma under the following hypotheses: "Let X be a smooth formal V-scheme with local coordinates denoted by t 1 , . . . , t d whose special fiber is X. For any i = 1, . . . , d, we put Z i = V (t i ). We suppose that there exists an open immersion U ֒→ Y such that T := X \ U is a strict normal crossing divisor of X and an overconvergent F -isocrystal G on (U, X)/K unipotent along T so that E = ι ′ ! (G), where ι ′ : (U, X) → (Y, X) is the induced morphism of couples. Fix 1 ≤ r ′ ≤ r ≤ d, and we denote by D the strict normal crossing divisor of X whose irreducible components are Z 2 , . . . , Z r and D = ∅ if r = 1. We suppose that the special fiber of
We proceed by induction on the number of irreducible components of Z. Consider the following commutative diagram of
whose horizontal sequences are exact. By using the induction hypothesis and 2.3, the homomorphism lim ← → ( † Z 1 )j ! (E •,• ) → lim ← → ( † Z 1 )j + (E •,• ) is an isomorphism. Since RΓ † Z 1 j + (E •,• ) = 0, then it is sufficient to check that lim ← → H †i Z 1 j ! (E •,• ) = 0, for any i = 0, 1 by the exactness of lim ← → . We have a strict normal crossing divisor of Z 1 defined by D 1 := r i=2 Z 1 ∩ Z i . We put U := X \ T , and let ι : (U, X) → (X, X) be the induced morphism of couples and i 1 : Z 1 ֒→ X be the canonical closed immersion. By hypotheses, there exists a convergent isocrystal F on the log scheme (X , T ) so that G ∼ −→ ( † T )(F). We still denote by f = t where f ♯ is the composition morphism of formal log-schemes f ♯ : (X , T ) → (X , Z) → ( A 1 V , {0}) whose last morphism is induced by f . We put F a,b := F ⊗
